Introduction
Conjectures of Langlands, Fontaine and Mazur [22] predict that certain Galois representations ρ : Gal(Q/Q) → GL 2 (Q ) (where denotes a fixed prime) should arise from modular forms. This applies in particular to representations defined by the action of Gal(Q/Q) on the -adic Tate module of an elliptic curve defined over Q, and so implies the Shimura-TaniyamaWeil conjecture.
Wiles' breakthrough in [46] , completed by [45] and extended in [12] , provided results of the form ρ modular ⇒ ρ modular where ρ is the reduction of ρ. These results were subject to hypotheses on the local behavior of ρ at , i.e., the restriction of ρ to a decomposition group at , and to irreducibility hypotheses on ρ. In this paper, we build on the methods of [46] , [45] and [12] and relax the hypotheses on local behavior. In particular, we treat certain -adic representations which are not semistable at , but potentially semistable.
We do this using results of [6] , generalizing a theorem of Ramakrishna [32] (see Fontaine-Mazur [22, §13] for a slightly different point of view). The results in [6] show that certain "potentially Barsotti-Tate" deformation problems are smooth, allowing us to define certain universal deformations for ρ with the necessary Galoistheoretic properties to apply Wiles' method. To carry out the proof that these deformations are indeed realized in the cohomology of modular curves (i.e., that the universal deformation rings are Hecke algebras), we need to identify the corresponding cohomology groups and prove they have the modular-theoretic properties needed to apply Wiles' method. As in [15] and [12] , the identification is made by matching local behavior of automorphic representations and Galois representations via the local Langlands correspondence (together with Fontaine's theory at the prime ). We work directly with cohomology of modular curves instead of using the Jacquet-Langlands correspondence, and we use the simplification of [46] provided by [13] and Fujiwara [23] independently.
The main technical restriction in this paper is that we only treat representations which arise from -divisible groups over certain tamely ramified extensions of Q . We do obtain sufficiently strong results here to give the following application: Theorem If E is an elliptic curve over Q with conductor not divisible by 27, then E is modular.
Note that the hypothesis on the conductor of E is satisfied if and only if E acquires semistable reduction over a tamely ramified extension of Q 3 . Notation We fix an odd prime and algebraic closures Q, R = C, and Q p for all p. Choose embeddings of Q into C and Q p for all p, so we realize the Galois group G p = Gal(Q p /Q p ) as a decomposition group inside of G Q = Gal(Q/Q). Let I p denote the inertia subgroup, Frob p ∈ G p /I p the arithmetic Frobenius element, and W p the Weil subgroup of G p (i.e., the preimage of the subgroup of G p /I p Z generated by Frob p ). We define F p to be the residue field of the valuation ring of Q p , and regard this as 'the' algebraic closure of F p . The order p n subfield of F p is denoted F p n .
For any field F of characteristic distinct from and having a fixed choice of separable closure F s , with G F = Gal(F s /F ) the resulting Galois group, define : G F → Z × to be the -adic cyclotomic character. We let ω = mod and letω : G F → Z × denote its Teichmüller lift. For any Z [G F ]-module V , define V (n) = V ⊗ Z n for all n ∈ Z. For a representation ρ of G F and L/F a subextension of F s /F , let ρ| L denote the restriction ρ| G L .
We will let η p,n denote the character I p → W (F p n ) × obtained from the inverse of the reciprocity map F × → G ab F of local class field theory, where F is the field of fractions of W (F p n ). We write η n for η ,n , n for η 1. Deformation Algebras 1.1. Potentially Barsotti-Tate representations. Fix a finite extension K of Q in Q with valuation ring O and residue field k. Let E be a characteristic 0 field complete with respect to a discrete valuation, with valuation ring O E and residue field perfect of characteristic . Consider a continuous representation
where M is a vector space of finite dimension d over K. By a continuity and compactness argument, there exists an O-lattice L in M which is stable under the action of G E . Since all choices of L are commensurable, an argument using the method of scheme-theoretic closure (see [33, §2.2-2.3] ) shows that if there exists an -divisible group Γ /O E with generic fiber representation L (as a Z [G E ]-module), then for any choice of L such a Γ exists. In this case, we say that ρ is Barsotti-Tate (over E). It is straightfoward to check that for K /K a finite extension, ρ is Barsotti-Tate if and only if ρ ⊗ K K is Barsotti-Tate. We say that ρ is potentially Barsotti-Tate if there exists a finite extension E /E such that ρ| G E is Barsotti-Tate, in which case we say ρ becomes Barsotti-Tate over E .
We remark that if E denotes the completion of the maximal unramified extension E un of E, so G E is identified with the inertia group of E (because the valuation ring of E un is a henselian discrete valuation ring with algebraically closed residue field), then ρ is Barsotti-Tate if and only if ρ| I E = ρ| G E is Barsotti-Tate. To see this, fix a lattice L stable under ρ and let ρ denote the representation of G E on L. Applying [1, Ch 6, Prop. D4(b)] to each torsion level, if ρ| I E is Barsotti-Tate (over E ) then there exists an -divisible group Γ over the (perhaps non-complete) valuation ring of E un with generic fiber ρ| I E . Using [44, Thm 4 ] andétale descent at each torsion level, this descends to an -divisible group over O E with generic fiber ρ, so ρ is Barsotti-Tate. The same theorem [44, Thm 4] shows that when ρ is Barsotti-Tate and we fix a choice of G E -stable lattice L, the corresponding -divisible group Γ /O E is canonically unique and admits a unique action of O extending that on the generic fiber.
Let ρ : G E → Aut O (L) be a potentially Barsotti-Tate representation, with L a finite free O-module of rank d (so ρ⊗ O K is potentially Barsotti-Tate). Suppose that the residue field of E is finite (i.e., E is a finite extension of Q ). In Appendix B, we review (following ideas of Fontaine) how to attach to ρ a continuous representation
where W E is the Weil group of E (i.e., the subgroup of G E which maps to an integral power of Frobenius in the Galois group of the residue field) and D is a vector space over Q of dimension d. A discussion of various properties of this construction (e.g., behavior with respect to tensor products) is given in Appendix B. For example, if ρ has cyclotomic determinant, then W D(ρ) has unramified determinant sending Frob E to |k E |, the size of the residue field of E. A deformation ρ of V to the the ring of integers O of a finite extension of K in Q , is said to be of type τ if (1) ρ is Barsotti-Tate over F for any finite extension F of Q such that τ | I F is trivial; (2) the restriction of W D(ρ) to I is equivalent to τ ; (3) the character −1 det ρ is the Teichmüller lift of the prime-to-order char-
We say that a prime ideal p of R V,O is of type τ if there exists a finite extension K of K (with valuation ring O ) and a (necessarily local) O-algebra homomorphism R V,O → O with kernel p such that the corresponding deformation is of type τ . If p is of type τ , then so is the deformation corresponding to any O-algebra homomorphism with kernel p and values in some O as above.
If there do not exist any prime ideals p of type τ , we define R We make the following conjectures, although they are considerably stronger than the results that will actually be important in the sequel. What is important for the sequel is only the question of which -types are acceptable for a given ρ| G . , where {a} denotes the unique integer in the range from 0 to − 2 congruent to a modulo − 1.
In the first two of these three cases R • ω i+j * 0 ω 1+j and in the case i = 2, * is peu-ramifié,
• ω 1+j * 0 ω i+j and in the case i = − 1, * is peu-ramifié,
and so τ is acceptable for ρ.
It will be convenient to say that a type τ is strongly acceptable for ρ| G if it is acceptable and if one of the following is true:
for some m, n ∈ Z/( − 1)Z (and in the case m ≡ n + 1 mod − 1, * is peu-ramifié), and τ is equivalent toω m−1 ⊕ω n or
for some m ∈ Z/( 2 − 1)Z, and τ ∼ =ω
Note that in particular we are conjecturing that we can suppress the assumption of acceptability in the definition of strong acceptability. In section 2 we shall explain what we know about these conjectures.
1.3. Global Galois representations. Fix a finite extension K of Q in Q with valuation ring O, uniformizer λ and residue field k, and a continuous global twodimensional (over k) Galois representation
We shall suppose ρ satisfies the following hypotheses.
• The determinant of ρ(c) is −1, where c denotes a complex conjugation.
• The restriction of ρ to Q( (−1) ( −1)/2 ) is absolutely irreducible.
• The conductor of ρ (see [40] ) divides the conductor of all of its twists by k × -valued characters.
• The centralizer of ρ(G ) consists only of scalar matrices. We remark that the third condition is simply for convenience and will be removed as an assumption from all our main theorems by an easy twisting argument. Let S be a finite set of rational primes which does not contain , and let τ : I → GL(D) be an -type which is strongly acceptable for ρ| G .
We will say that a deformation ρ :
is of type (S, τ ) if the following hold:
• ρ| G is weakly of type τ .
• If p ∈ S ∪ { } and the order of ρ(I p ) is not , then ρ(
Ip is free of rank one over R.
• −1 det ρ has finite order prime to .
One checks that the subsets of deformations of type (S, τ ) satisfy the representability criterion in Appendix A. Note that when p ∈ S ∪ { }, ρ(I p ) has order , and the fourth condition above holds, then ρ| Ip is tame with det ρ| Ip trivial, so if g ∈ I t p is a topological generator, then a lift ρ(g) of ρ(g) fixes a basis vector if and only if trρ(g) = 1+det(ρ(g)) (which is equivalent to (ρ(g)−1) 2 = 0 in the present setting). We let R 1.4. Galois cohomology. We will let ad 0 V denote the representation of G Q on the trace zero endomorphisms of V . The trace pairing gives rise to a Galois equivariant perfect pairing ad
If m denotes the maximal ideal of R D V,O , then there is a natural injective map from the k-dual of m/(λ, m 2 ) to H 1 (Q , ad 0 V ). Using the trace pairing and a k-linear analogue of local Poitou-Tate duality we get a surjective map
2 ). We will denote the kernel of this map by
trivially at all primes in S, to an element of H 1 D (Q , (ad 0 V )(1)) at , and to an
Ip ) at all primes p ∈ S ∪ { }. Observe that for p ∈ S∪{ } with ρ(I p ) not of order , the condition ρ(I p ) ∼ → ρ(I p ) for a deformation ρ of ρ to k[ ] with det ρ = det ρ is equivalent to the splitting of the extension as a k[I p ]-module. To see this, let ρ be such a deformation of ρ, so ρ(g) = (1 + c(g))ρ(g) for g ∈ I p , with the cocycle c representing an element of H 1 (I p , ad 0 ρ). We need to check that the cohomology class of c is zero. Suppose that g, h ∈ I p and ρ(h) = 1. By our hypothesis on ρ, we have c(h) = 0, and since c(gh) = ρ(g)c(h)ρ(g) −1 + c(g), it follows that c(gh) = c(g). Thus, we can view c as representing an element of H 1 (ρ(I p ), ad 0 ρ), and we must show that this element is zero. By restriction-inflation,
, where I w p is wild inertia at p and G = ρ(I p )/ρ(I w p ). Since G is a finite discrete quotient of the tame inertia group at p, G is a cyclic group. Let G( ) denote the -Sylow subgroup and I ( ) p the kernel of the map from I p onto its maximal -primary quotient. By restriction-inflation we can identify c with an element of
. Since G( ) is a finite cyclic group, the size of this H 1 cohomology group is the same as the size of the analogous H 0 group, which is H 0 (I p , ad 0 ρ).
Without loss of generality, we may assume H 0 (I p , ad 0 ρ) = 0 (so G( ) = 0 also). After making a finite extension of scalars on k (which we may do), ρ| Ip is reducible and is a non-trivial extension of χ by itself, where χ : I p → k × is some continuous character. If χ is non-trivial, then the conductor N (ρ) of ρ is divisible by p 2 . But if we twist ρ by a global character G Q → k × whose restriction to I p is χ −1 and which is unramified at all other primes, then this twist of ρ has conductor which has the same prime-to-p part as N (ρ) but has p-part equal to p. By our hypothesis on the minimality of the conductor of ρ, this is a contradiction. Thus, the above character χ must be trivial, so ρ is a non-trivial extension of 1 by 1. Since = p, this forces ρ to be tame at p. The pro-cyclicity of tame inertia then forces ρ(I p ) to have order , contrary to hypothesis. Therefore, the original deformation ρ as a k[I p ]-module extension class of ρ by ρ must be the trivial extension, as desired. A similar argument (ending with the same analysis of H 0 (I p , ad 0 ρ)) proves the analogue for (O/λ n )[ ]-deformations of type (S, τ ) of a fixed O/λ n -deformation of ρ of type (S, τ ) (this is needed in the proof of Lemma 1.4.2 below). With this noted, the usual calculations give rise to the following lemma (see for example section 2 of [9] , especially Corollary 2.43). Lemma 1.4.1. Suppose that τ is acceptable for ρ| G . Then R S,D V,O can be topologically generated as an O-algebra by
elements.
The proof of this lemma makes essential use of the assumption that τ is acceptable for ρ| G . More precisely, the acceptability hypothesis enables the local contribution at to 'exactly cancel' the local contribution (of dim H 0 (R, ad 0 ρ) = 1) at ∞. Now suppose that we are given a deformation ρ : 
It is easy to see that the image is in fact contained in
which localise at to an element of
Note that for any particular
, the conditions at the p ∈ S ∪ { } are automatically satisfied for all but finitely many p. Therefore, we can argue by passage to the direct limit from the torsion cases, using the usual calculations to get the following lemma (see for example section 2 of [9] ). Lemma 1.4.2. In the above situation we have an isomorphism of O-modules
This isomorphism is compatible with change in S.
In this corollary, the lengths involved could a priori be infinite, so the inequality is understood to imply that if the right side is finite, then so is the left side. In order to see that the second term on the right (which might be infinite) has the same cardinality as
which is what arises in the calculation), we just need to observe that ad 0 M (1) is (via the trace pairing) Cartier dual to ad 0 M ⊗ O K/O and for any finite discrete G p -module X with prime-to-p-power order n and Cartier dual X * , the G p /I p -equivariant pairing (via cup product)
is a perfect pairing. This follows from [37, Ch I, §3.5, Prop 17, Rem 4] and the proof of [37, Ch II, §5, Thm 1].
Local Calculations
In this section, we study local deformation problems. Consider a continuous two-dimensional representation ρ : G → GL(V ) over k. Choose a subfield F ⊆ Q with finite degree over Q and with absolute ramification index e = e(F ) ≤ − 1. We write A for the valuation ring of F , and I F for the inertia subgroup of G F .
A finite discrete G -module ρ : G → Aut(M ) is called A-flat if there exists a finite flat commutative group scheme G over A and a G F -module isomorphism ρ| G F G(Q ). In this case, all subrepresentations and quotient representations are also A-flat. If instead ρ is an inverse limit of finite discrete G -modules, we say that ρ is A-flat if all finite discrete quotients of ρ are A-flat.
2.1.
A-ordinary deformations. Assume that ρ is reducible and End k[G ] V = k, so ρ is isomorphic to a non-semisimple representation
, so the non-split condition implies that ρ is determined up to k[G ]-module isomorphism by the specification (and ordering) of its diagonal characters. See the discussion above [6, Thm 2.4.4] for more details on this. In the case m = n + 1, we assume * is peu ramifié. This condition is automatically satisfied if a = b, and it is satisfied for a unique isomorphism class of representations in the case a = b.
In this section, we let F denote the unramified extension of Q (µ ) of degree |k × | (so both diagonal characters of ρ are trivial on G F ). We say that a deformation M of ρ to an object R of C * O is A-ordinary if its determinant is η, with η the Teichmüller lift of (det ρ)ω −1 : G → k × , and there is an exact sequence of We shall now define a subspace of
denote the subspace of ad 0 V consisting of those trace-zero endomorphisms preserving the filtration
) consists of matrices with lower left entry vanishing), and let
e., the matrices vanishing outside of the upper right entry). There are thus canonical exact sequences
We define a subspace
-modules and we define C 1 to be the kernel of the map
where the second isomorphism is the Kummer map and the last homomorphism is induced by the valuation on Q un . Let C 2 denote the image of
), and finally, let H , it suffices to prove m/(λ, m
2 ) is at most one-dimensional over k. This is done by checking that the image of
, and then computing the dimension of this subspace. See the proof of [46, Prop 1.9(iii)] for the case m = n + 1 (recall that ρ(G ) has trivial centralizer) and see [9, 2.4] for the case m = n + 1 . Now suppose that ρ : G → GL 2 (O ) is a deformation of ρ of type τ , with τ =ω i ⊕ω j for some i and j. In this case there is an -divisible group Γ over A with an action of O such that ρ| G F is isomorphic to the representation defined by the action of O [G F ] on the Tate module of Γ:
The canonical connected-étale sequence for Γ gives rise to an exact sequence
of free O -modules with an action of G F . Proof. First observe that it suffices to prove that Mé t = 0, for I F acts trivially on Mé t and det ρ| I F = .
Suppose now that Mé t = 0, so Γ[ ] is connected. Since V ∼ = M/λM has a nonzero element fixed by G F , the same is true of
Therefore there is a nontrivial map
Since We can now deduce the following from Theorem 2.1.1. 
2.2.
A-flat deformations. Now we return to the case of arbitrary F with e ≤ −1. We no longer assume that ρ is reducible. We assume that V is A-flat, with G connected and having connected dual. Under these conditions, G is the unique finite flat A-group scheme with generic fiber isomorphic (as a G F -module) to ρ| G F , with G determined up to unique isomorphism (see [6, §2.1] for details; the connectedness conditions ensure uniqueness when e = − 1).
Let M denote the (contravariant) Dieudonné module of the closed fiber of G. We assume that the canonical sequence of groups
is exact, where F and V denote the Frobenius and Verschiebung operators respectively. This exactness condition is automatically satisfied when G Γ[ ] for Γ /A an -divisible group, and so is an extremely natural condition; also, it is needed in the results we will require from [6] below.
We now give the complete list of isomorphism classes of representations ρ satisfying the above conditions. (See Corollary 2.2.3 and Theorem 2.4.4 of [6] .) The irreducible ρ which arise are absolutely irreducible and are exactly those continuous
, with em ≡ e mod 2 − 1. The reducible ρ which arise can be written as non-semisimple representations
. The precise possibilities are as follows. There must exist an integer j satisfying 1 ≤ j ≤ e − 1, en ≡ j mod − 1, e|j( + 1) and m = n + 1 − j( + 1)/e mod − 1. These conditions imply e |( − 1), m = n, and for ≡ −1 mod 4 they also imply m = n + 1. For ≡ −1 mod 4, the unique (up to isomorphism) non-split extensions of ψ b ω n by ψ a ω m for a, b ∈ k × and n and m as above are exactly the ρ which arise. For ≡ 1 mod 4, we get the same list, except that the cases with m = n + 1 (which occur precisely when e = ( + 1)/2, n = ( − 1)/2) and a = b are given by the unramified k-twists the (unique up to isomorphism) non-split F -representation of the form
for which * is peu-ramifié. The property of being A-flat is closed under taking submodules, quotients and finite products, and since End 
2.3.
Twisted A-flat deformations. We now consider a variant of the A-flat deformation problem. We still fix a finite extension F/Q with e(F ) ≤ −1 and study certain deformations of a given ρ : G → GL 2 (k). However, instead of requiring ρ| G F to arise as the generic fiber of a finite flat A-group scheme, we fix a (ramified) quadratic character ψ on G F and require that ρ| G F ⊗ ψ is the generic fiber of a finite flat A-group scheme. Moreover, we impose the same connectedness/unipotence conditions and the same exactness hypothesis on Dieudonné modules as above, and we study those deformations of ρ whose ψ-twist is A-flat (in the same sense as above). In contrast to the (untwisted) A-flat setting, the case e|( − 1) can now occur, and we shall actually restrict our attention to this case. In §4.2 of [6] , it is explained how the methods of [6] carry over to this setting. In particular, under the above hypotheses, End k[G ] V = k, so there is a universal deformation ring R V,O for ρ. The property of the ψ-twist being A-flat is preserved under taking submodules, quotients and finite products, so there is an associated quotient of R V,O , which we denote R
. We can also consider the quotient R 
Corollary 2.3.2. Suppose that e(F )|( − 1), ψ is a quadratic character of G F and τ ⊗ψ is trivial on the inertia group of F . If ρ admits a lifting of type τ : I → GL(D) (i.e., if R D V,O (ρ) = 0) and ρ ⊗ ψ is A-flat and satisfies the above connectedness, unipotence and Dieudonné module hypotheses, then τ is acceptable for ρ.
Some Representations of Finite Groups
3.1. Representations of GL 2 (F p ). Let us recall the classification of irreducible finite-dimensional representations of GL 2 (F p ) over an algebraically closed field F of characteristic zero. Any such representation is isomorphic to one of the following, where we have fixed an embedding i :
• For any character χ :
, where sp is the representation of GL 2 (F p ) on the space of functions P 1 (F p ) → F with average value zero (with g ∈ GL 2 (F p ) acting on a function through the usual action of g
This representation is isomorphic to the representation induced from the following character on the subgroup of upper-triangular matrices in GL 2 (F p ):
The only isomorphisms between these representations are I(χ 1 , χ 2 ) ∼ = I(χ 2 , χ 1 ) and Θ(χ) ∼ = Θ(χ p ). For convenience, we include the character table of GL 2 (F p ):
We recall also the classification of absolutely irreducible finite-dimensional representations of GL 2 (F ) in characteristic . We will let σ n denote the natural representation of GL 2 (F ) on Symm n (F 2 ) for each n ∈ Z ≥0 . The semsimplicity of σ n follows from that of σ 1 , and for n ≤ −1 the representation σ n is absolutely irreducible (cf. [8, Example 17.17] ). For m ∈ Z/( − 1)Z and 0 ≤ n ≤ − 1, we will let σ n,m denote σ n ⊗ det m . These representations σ n,m are mutually non-isomorphic and exhaust the isomorphism classes of absolutely irreducible finite-dimensional representations of GL 2 (F ) in characteristic . The Brauer character of σ n,m is given by:
where˜indicates Teichmüller lift. In fact, since the σ n,m are defined over F , any irreducible finite-dimensional representation of GL 2 (F ) over a field k of characteristic is isomorphic to some σ n,m ⊗ F k and so is absolutely irreducible. Using Brauer characters, one finds:
, then L⊗ O k has two Jordan-Hölder subquotients: σ {m1−m2},m2 and σ {m2−m1},m1 ; where 0 < {m} < − 1 and {m} ≡ m mod − 1.
i+( +1)j where 1 ≤ i ≤ and j ∈ Z/( −1)Z, then L⊗ O k has one or two Jordan-Hölder subquotients: σ i−2,1+j and σ −1−i,i+j . Both occur unless i = 1 (when only the second one occurs) or i = (when only the first occurs), and in either of these exceptional cases L ⊗ O k ∼ = σ −2,,1+j .
3.2.
Representations of GL 2 (Z/p n Z). We shall also need to consider certain representations of GL 2 (Z/p n Z) for n > 1 which generalize the representations Θ(χ)
and let n denote the projection GL(A) → G = GL 2 (Z/p n Z). Let m = [n/2] ≥ 1 and define subgroups N ⊂ H of G as follows:
Note that N is normal in H and H contains the center of G.
Again let F denote an algebraically closed field of characteristic 0. Suppose that χ : A × → F × is a character of conductor p n . We assume also that χ/(χ • σ) has conductor p n (or equivalently, no twist of χ by a character factoring through the norm A × → Z × p has conductor less than p n ; see [24, §3.2] ). Since the quotient group F p 2 /F p is of order p, this latter condition implies that for any x ∈ A × with
If n is even, we define a character β χ of
If n is odd, we let β χ denote the unique p-dimensional representation of H/N whose character satisfies
if x + yσ is not conjugate to an element as above.
Note that since the above class function satisfies tr β χ , tr β χ H/N = 1, the existence of such a representation can be proved using Brauer's criterion [38, §11.1], and it is absolutely irreducible. Regarding β χ as a representation of
The isomorphism class of Θ(χ) is independent of the choice of isomorphism M 2 (Z p ) ∼ = End Zp A, since any two such isomorphisms differ by conjugation by an element of GL 2 (Z p ). So far, the only conductor hypothesis we have used is that χ has conductor dividing p n .
Lemma 3.2.1. Suppose that n ≥ 1 and χ 1 and χ 2 are a pair of characters of
Let B denote the subgroup of G consisting of matrices which mod p are upper triangular, and let
Proof. The second assertion is proved by computing Θ(χ 1 ), Θ(χ 2 ) G and showing that this equals 1 if χ 2 = χ 1 or if χ 2 = χ 1 • σ, and equals 0 otherwise. This uses the hypotheses on conductors, as we now explain. Using Frobenius reciprocity twice and [38, §7.3], we get
where X is a set of double coset representatives for H\G/H, H g = H ∩ gHg −1 , and β g χ1 (z) = β χ1 (g −1 zg). Note that 1 and σ represent two distinct double cosets, and Hσ = σH, so H σ = H. By computing conjugacy classes in H/N and treating separately the cases where n is even or odd, we compute that
Since β σ χ = β χ•σ and χ = χ • σ for our characters χ = χ i , the sum of the terms for g = 1 and g = σ is 1 if χ 2 ∈ {χ 1 , χ 1 • σ}, and is 0 otherwise.
For g ∈ X not equivalent to 1 or σ, we claim that β χ1 , β χ2 Hg = 0. It suffices
with t ≡ t σ mod pA and s ∈ A, because then on the subgroup of H g generated by h, β g χ1 is a direct sum of copies of the trivial representation (since g −1 hg ∈ N ) and β χ2 is a direct sum of copies of a non-trivial character (the number of copies being 1 when n is even and p when n is odd). This non-triviality follows from the fact that on the subgroup in H/N generated by h, β χ2 is a direct sum of copies of the 1-dimensional representation which sends h to
Since σ and H normalize N , we may multiply g on the right by σ or an element of H without changing gN g −1 , and hence without loss of generality. To construct h, we write g = x + yσ and first multiply by σ if necessary so that x is not divisible by p and then multiply by x −1 ∈ H to get a representative of the form g = 1 + p r uσ, with u ≡ 0 mod pA and r < m. Note that for r = 0, the invertibility of 1+uσ forces uu σ ≡ 1 mod pZ p , because det(x+yσ) = Nx−Ny for all x, y ∈ A, where N : A → Z p is the norm map. Now define h = g(1 + p n−r−1 vσ)g −1 , where v ∈ A × is chosen so that uv σ ≡ vu σ mod pA (in which case we can take t = uv σ when r = 0 and t = uv σ /(1 − uu σ ) if r = 0). For the first and third assertions, after changing the isomorphism M 2 (Z p ) ∼ = End Zp (A) we can suppose that σ ∈ B. Thus, for g ∈ B, g ∈ H ∩ B if and only if g ∈ H and g ∈ (H ∩ B)σ if and only if g ∈ Hσ. In particular, if g ∈ (H ∩ B) ∪ (H ∩ B)σ then we can construct the h as above and this also lies in B since h ≡ 1 mod p. Since G = BH,
We can now run through the exact same calculation as before with B and H ∩ B replacing G and H respectively. This settles the first and third assertions (note that
, so #B is not divisible by , then the reductions L i ⊗ O k are also absolutely irreducible by [38, §15.5] . The last assertion follows since the two representations have the same Brauer character.
3.3. Duality. Let K, O, λ and k be as above, and let O denote the valuation ring of K = K(λ ), where λ 2 = λ. Suppose that V is a K-vector space with an action of GL 2 (Z/p n Z) such that V ⊗ K Q is one of the representations considered above, i.e., that n = 1 and V is absolutely irreducible, or that n > 1 and V ⊗ K Q is isomorphic to Θ(χ) for some character χ : A × → Q × with conductor p n such that χ/χ • σ also has conductor p n . In each case, there is a nondegenerate pairing ( , ) on V such that (gu, gv) = ψ(det g)(u, v), where ψ : (Z/p n Z) × → K × is the central character of the representation (note that ψ necessarily takes values in K since V is absolutely irreducible). Equivalently, we have an isomorphism of representation spaces V V * ⊗ (ψ • det) in all cases. For n = 1, this is clear from the character table, and for Θ(χ) with n > 1, this follows from the analogous assertion for β χ . More precisely, using the fact that det(x + yσ) = xx σ ∈ Z × p for x + yσ ∈ H with y ≡ 0 mod p m+1 A for odd n, one checks that
We will need the following lemma. Lemma 3.3.1. Suppose G is a finite group which acts absolutely irreducibly on a finite dimensional K-vector space V . Let ( , ) be a non-degenerate pairing on V such that (gu, gv) = ψ(g)(u, v) for some character ψ :
Proof. First note that by Schur's lemma, the pairing is symmetric or alternating.
4. Galois representations for modular forms.
4.1. -adic representations associated to modular forms. Now let us recall some facts about the -adic representations attached to certain automorphic representations of GL 2 (A), where A denotes the adele ring of Q. Recall that we have fixed embeddings of Q into C and into Q p for all p. Suppose that π ∼ = ⊗ v π v is a cuspidal automorphic representation of GL 2 (A) such that π ∞ is a lowest discrete series representation of GL 2 (C) with trivial central character. Recall that the set of such representations π is in one-to-one correspondence with the set of weight two newforms. The theory of Eichler and Shimura associates a continuous irreducible two-dimensional representation
over Q to π which is characterized as follows: For any prime p = such that π p is unramified, ρ π is unramified at p and ρ π (Frob p ) has characteristic polynomial
where t p denotes the eigenvalue of the Hecke operator
, and s p denotes that of
Let S(π) denote the set of primes p such that π p is ramified, and let S be any finite set of primes. Then the set of t p for p ∈ S ∪ S(π) generate a number field over which π is defined, and ρ π is defined over the closure of this field inside of Q (some finite extension of Q ). If π and π are such that the corresponding eigenvalues t p and t p coincide for all p ∈ S ∪ S(π) ∪ S(π ), then in fact π = π . For any automorphism σ in G , there is an automorphic representation denoted π σ such that ρ σ π ρ π σ . For any prime p, the local Langlands correspondence associates to π p a certain
, where σ(π p ) is as in [3] and we have identified Q × p with W ab p by the Artin map (which, with our conventions, sends p to a preimage of Frob p ∈ W p /I p ). Thus Π → W D(Π) establishes a bijection between (a) isomorphism classes of irreducible admissible infinite-dimensional representations of GL 2 (Q p ) defined over Q, and (b) isomorphism classes of continuous semi-simple representations W p → GL 2 (Q). The bijection has the following properties: 
For a proof of this last isomorphism, see Appendix B (note also that the isomorphism of representations follows from the main theorem of [34] ).
4.2.
The local Langlands correspondence. We shall need to recall some properties of the correspondence Π ↔ W D(Π). Before doing so, we define, for each
of GL 2 (Z p ) as follows. We set
× has -power order ;
where n denote the natural projection 
With the above notation, we have the following well-known properties of the correspondence Π ↔ W D(Π). Lemma 4.2.2.
(1) Suppose that c = 0. Then W D(Π) is unramified and the characteristic polynomial of is of the form xf (x) where f (x) has degree e(π) and roots which are -adic units.
We also have the following relationship between W D(Π) and the action of
These assertions follow from explicit descriptions of the local Langlands correspondence. The first two parts can already be deduced from the properties listed above, together with the classification of representations of GL 2 (F p ). For the third part, see [24, §3] .
Hecke Algebras and Modules

Definition of Hecke algebras.
We use the notation of §1.3. In particular,
is absolutely irreducible, τ is an -type strongly acceptable for ρ| G and S is a finite set of primes not containing . We suppose from now on that ρ is modular, meaning there exist an automorphic representation as in §4 and a finite extension K of K such that ρ π ∼ = Q ⊗ O ρ for some deformation ρ of ρ to O . We let N S denote the set of π such that this holds for some ρ of type (S, τ ). We shall write R S for the universal deformation ring of type (S, τ ), and ρ S for the universal deformation.
Let S(ρ) denote the set of primes p such that p = or ρ is ramified at p. Let T (ρ) denote the set of primes p such that p ≡ −1 mod , ρ| Gp is irreducible and ρ| Ip is reducible. We letT S denote the polynomial algebra over O generated by the variables T p and S p for p ∈ S ∪ S(ρ). We define the Hecke algebra T S as the image of the O-algebra homomorphism
sending T p → t p and S p → s p in each component. We let I S denote the kernel of T S → T S . We also letT S denote the polynomial algebra overT S generated by the variables U p for p ∈ S, and let I S denote the ideal generated by I S and the set of U p for p ∈ S.
For each prime p we will define open subgroups V S,p , normal in U S,p ⊂ GL 2 (Z p ), an element w S,p ∈ GL 2 (Q p ) and a finite-dimensional irreducible representation σ S,p of U S,p /V S,p over Q. For p = , let c p denote the conductor of ρ| Gp and e p = dim k ρ
Ip . If p ∈ T (ρ), then c p is even and we can choose a character χ p :
•
σ S,p = 1.
We will set U S = p U S,p , and V S = p V S,p , w S = p w S,p and σ S = ⊗ p σ S,p . We have defined w S for later use. The point of the definitions of U S and σ S is the following lemma.
Lemma 5.1.1. Suppose that ρ π ∼ = Q ⊗ O ρ for some deformation ρ of ρ to the ring of integers O of a finite extension K of K. Then π ∈ N S if and only if
In that case, the eigenvalues of U p on Hom U S (σ S , π ∞ ) for each p ∈ S are either 0 or -adic units, and the subspace on which U p = 0 for all p ∈ S is 1-dimensional.
Proof. This follows from the results recalled in the preceding section together with the analysis of possible lifts of ρ| Gp for p = (see [4] and [15] ). In particular that analysis shows that c(π p ) + e(π p ) = c p + e p . Moreover if p ∈ T (ρ), c p = c(π p ) and det ρ| Ip has order prime to , then ρ| Ip satisfies the local condition at p in the definition of type (S, τ ). On the other hand, if p ∈ T (ρ), then π
Corollary 5.1.2. The set N S is finite, T S is finitely generated as an O-module and the natural map
Proof. By the lemma, N S is finite, from which it follows that T S is finitely generated over O. For π ∈ N S and p ∈ S ∪ S(π), let t p (π) denote the eigenvalue of T p on π
But the image of T S ⊗ O K in the πth factor Q is K π , and using the G K -action we see that any element of T S ⊗ O K is determined by its image in the K π 's for π ∈ X.
5.2.
The universal modular deformation. For each π in N S , the universal property of the deformation ring R S provides an O-algebra homomorphism R S → Q so that ρ π is the extension of scalars of the universal deformation. The map
has image T S since R S is topologically generated by traces. We let φ S denote the resulting surjective O-algebra homomorphism
Note that whenever S ⊂ S , we have a natural commutative diagram of O-algebra homomorphismsT
with all maps surjective exceptT S →T S which is injective.
Definition of Hecke modules.
It is convenient to fix an auxiliary prime r ∈ S(ρ) such that no lift of ρ can be ramified at r (see Lemma 2 of [15] ). Thus we have N S = N S∪{r} , so T S∪{r} ∼ = T S . We also assume the field K is sufficiently large that it contains all quadratic extensions of some field K 0 such that
For each p ∈ T (ρ) ∪ { }, we fix a lattice M p as in Lemma 3.3.1 for σ ∅,p and a pairing ( , ) p inducing an isomorphism
of OU ∅,p -modules, where χ p = ψ p • det, ψ p being the central character of σ ∅,p . Letting M S denote the model ⊗ p ∈S M p over O for σ S , we have a pairing ( , ) S on M S which induces an isomorphism
of OU S -modules, where χ S = ψ S • det, where ψ S = ⊗ p∈S ψ p . If U is an open compact subgroup of GL 2 (A ∞ ) then we will let Y U denote the modular curve
where
We let X U denote its compactification obtained by adjoining cusps. Recall that X U is not necessarily connected (its connected components are in bijection withẐ × / det U ), and that X U has a model over Q. Our convention for the definition of this model is that Y U (Q) is in canonical bijection with the set of equivalence classes of pairs (E, α), where E is an elliptic curve over Q and
.
We obtain an admissible GL 2 (A ∞ )-module
where the limit is with respect to the natural maps on cohomology induced by
We let X S = X V S and consider H 1 (X S , O). We have natural compatible actions on it ofT S , and G S = U S /V S . If r is in S, then we define L S to be the T S -module
(If I is an ideal in a ring R and M is an R-module, we write M [I] for the largest submodule of M whose annihilator contains I.) If r is not in S, then we set
Proof. We may assume r is in S and replace K by Q . Writing
where B π is the subspace of Hom U S (σ S , B + π ⊕ B − π ) killed by U p for all p in S. By Lemma 5.1.1, this space is two-dimensional whenever π is in N S . The lemma follows, since for p not in S ∪ S(ρ), the operators T p and S p act on B π as t p and s p , respectively.
There is also a natural action of G Q on L S compatible with that of T S . This can be defined, for example, via the isomorphism of Hom Z (H 1 (X S , Z ), Z ) with theadic Tate module of the Jacobian of X S . Each π ∈ N S gives rise to a homomorphism θ π,S : T S → Q sending T p → t p and S p → s p . The resulting representation of G Q on L S ⊗ T S Q (1) is isomorphic to ρ π , and we therefore have the following lemma:
There is an isomorphism
5.4.
The main results. Recall that we are assuming ρ is as in §1.3 and that it is modular. We defined N S and T S in §5.1, φ S in §5.2 and L S in §5.3. We have not yet shown that these objects are non-trivial. We shall deduce the following lemma from related results in the literature in section 6. Proposition 5.4.1. With the above notation and hypotheses, N S = ∅.
Our main result is the following theorem; we give the proof in the rest of this section, subject to some propositions which are proved in §6. Theorem 5.4.2. With the above hypotheses and notation, the following hold:
(1) φ S is an isomorphism; (2) T S is a complete intersection; (3) L S is free over T S .
5.5.
Reduction to the case S = ∅. Following Wiles [46] , we shall deduce the result for arbitrary S from the result for S = ∅. For each p ∈ S ∪ { }, we define an element µ p ∈ T S as follows:
• If e p = 1 and det ρ is unramified at p, then µ p = p 2 − 1.
• If e p = 1 and det ρ is ramified at p, then µ p = p − 1.
• If e p = 0 and p ∈ T (ρ) then µ p = p + 1.
• If e p = 0 and p ∈ T (ρ) then µ p = 1. If Σ is a finite set of primes disjoint from S ∪ { }, we let µ Σ = p∈Σ µ p .
The key proposition we prove in §6 for the induction step is the following: Proposition 5.5.1.
(1) There exists a pairing , S on L S which induces an isomorphism
S is the adjoint of of i S S with respect to the pairings , S and , S . Fix for the moment an element π of N ∅ . Note that if part 1 or 2 of Theorem 5.4.2 holds for some K such that T S is defined, then it holds for all such K, and similarly for part 3 provided L S is defined. We may therefore assume that K contains the eigenvalues t p and s p for all p ∈ S(ρ). Let p S denote the kernel of θ π,S and J S the annihilator of p S in T S . Define
This is isomorphic to the cokernel of the map
defined by the restriction of , S . Thus C S,θ has finite length over O, and by Proposition 5.5.1 we have
Since
5.6.
The case of S = ∅. We now turn to the proof of Theorem 5.4.2 in the case S = ∅. We will use the improvement on the method of Taylor and Wiles ( [45] ) found by Diamond ([13] ) and Fujiwara ([23] ). We keep the above hypotheses and notation, but only consider finite sets S of primes with the following properties. If p ∈ S then
• ρ(Frob p ) has distinct eigenvalues α 1,p and α 2,p .
One checks as in Lemma 2.44 of [9] , that for each p ∈ S, the restriction to G p of the universal deformation ρ S is equivalent to χ 
We also need the following lemma, which is proved exactly as Theorem 2.49 of [9] using Lemma 1.4.1.
Lemma 5.6.2. There exists an integer r ≥ 0 such that for any integer n > 0, there exists a finite set of primes S n disjoint from S(ρ) such that (1) if p ∈ S n then p ≡ 1 mod n ; (2) if p ∈ S n then ρ(Frob p ) has distinct eigenvalues; (3) #S n = r; (4) R Sn can be topologically generated by r elements as an O-algebra.
We can then apply Theorem 2.1 of [13] to complete the proof of Theorem 5.4.2 in the case S = ∅. (See the proof of Theorem 3.1 of [13] .)
Cohomology of modular curves
In this section we will give the proofs of Propositions 5.4.1, 5.5.1 and 5.6.1. We maintain the notation of the preceding section. In particular, we consider a representation ρ : G Q → GL 2 (k) which is irreducible and modular. Recall thatT S is the polynomial algebra generated by the operators T p and S p for p not in S ∪S(ρ). We define m S to be the kernel of the mapT S → k defined by T p → tr(ρ(Frob p )), Frob p ) ). We consider also the polynomial algebraT S overT S generated by the operators U p for p ∈ S, and the maximal ideal m S generated by m S and the operators U p for p ∈ S. Recall that since ρ is irreducible, the maximal ideals m S and m S are not Eisenstein. (We say a maximal ideal m ofT S orT S is Eisenstein if there exists an integer N > 0 such that T p − 2 ∈ m and S p − 1 ∈ m for all p ∈ S ∪ S(ρ) with p ≡ 1 mod N ; see [ 
Suppose that V is an open compact subgroup of GL 2 (A ∞ ). We assume that V is of the form p V p with V p ⊂ GL 2 (Z p ) and that V r ⊂ U 1 (r 2 ) for some fixed prime r as in §5.3. Suppose that Σ is a finite set of primes, and that for each p in Σ we are given a finitely generated O-module M p with a left action of V p which is continuous for the discrete topology on V p . We can then associate to the V -module M = ⊗ p M p a locally constant sheaf If for all p ∈ S ∪ S(ρ) we have V p = GL 2 (Z p ) and V p acts trivially on M , then there is a natural action ofT S on the cohomology groups
Standard arguments yield the following useful technical result.
Lemma 6.1.2. Suppose V , M and S are as above and let m be a non-Eisenstein maximal ideal ofT S with finite residue field.
is exact. (4) If V ⊂ V and satisfies the hypotheses above for S, then
is an isomorphism.
If in addition we have
for some n > 0 and V p acts trivially on M for all p ∈ S, then this action extends naturally to an action ofT S . Furthermore, the lemma holds for m = m S . In particular,T S∪{r} acts on
and the lemma yields natural isomorphisms
where m = m S∪{r} . One can also check that the natural map
is an isomorphism, so we conclude:
Lemma 6.1.3. There are natural isomorphisms ofT S∪{r} -modules
identifying T S = T S∪{r} with the localization at m of the image ofT S∪{r} in
6.2. Proof of Proposition 5.4.1. Suppose for the moment that 0 ≤ n ≤ − 1 and ρ| I is of the form
• ω n+1 * 0 1 with * peu ramifié if n = 0, or
Setting S = T (ρ) ∪ {r}, we find that the group Γ = SL 2 (Z) ∩ U S satisfies the hypotheses of Theorem 6.1.1. Furthermore
as aT S -module where M is the module for U S, = GL 2 (Z ) defined by the action of GL 2 (F ) on Hom(L n , k). Therefore m S is in the support of H 1 (Y S , F M ). On examining the list of possible τ which can be considered strongly acceptable for ρ (see the definition after Conjecture 1.2.3), we see from Lemma 3.1.1 that M is a constituent of Hom O (M S , k). It follows from Lemma 6.1.2 that m S is in the support of H 1 (Y S , F S ), so L S is non-zero and N S is non-empty. Moreover by twisting by a power of the Teichmüller character, we see that this holds without the assumption on ρ| I imposed in Theorem 6.1.1. Now choose an automorphic representation π in N S . Then for each p ∈ T (ρ), ρ π | Ip is necessarily of the form
for some character χ p of W (F p 2 ) such that χ p = χ p . Suppose now that O is sufficiently large that each representation Θ(χ p ) has a model M p over O, and set 
It follows from Lemma 6.1.2 and the last part of Lemma 4.2.4 that
hence N ∅ is not empty.
6.3. Proof of Proposition 5.5.1. We first define the pairings , S on L S inducing isomorphisms
of T S -modules. We may assume r ∈ S. We let W S denote the involution of Y S defined by g → (det g) −1 gw S , where w S was defined in §5.1. There is a natural isomorphism of sheaves
.) The U S -equivariant perfect pairing chosen in §5.3 gives rise to one onM S which defines an isomorphism of sheaves F S (χ S ) → F M S . We thus obtain an isomorphism
The cup product gives rise to a pairing
We thus obtain an isomorphism
which one can check isT S -linear. Localizing at m and applying Lemma 6.1.3, we obtain the desired isomorphism
ofT S -modules, arising from an alternating pairing , S on L S . Now we suppose p is a prime not in S ∪ { } and we define a homomorphism
of T S -modules where S = S ∪ {p}. We use the identity map if p = r, and then we can can assume r ∈ S. We let β p n = p
denote the polynomial algebra over O generated by the variables T q and S q for q ∈ S ∪ S(ρ) and U q for q ∈ S. We regardT
S as a subalgebra of bothT S andT S , and let m
S . If 0 ≤ n ≤ e p , then g → gβ p n defines a map Y S → Y S and β * p n F S is canonically isomorphic to F S . We also use β p n to denote the inducedT 
Now consider the map
Using Lemma 6.1.2 we can identify
, which can be identified with the T S -module L S . We thus obtain the desired map i S S : L S → L S . These are compatible for varying p in the sense that i
To complete the proof of the proposition, we can assume S = S ∪ {p}. First consider the calculation of j S S i S S . The assertion holds for p = r since µ r is a unit in T S . We can then assume r ∈ S.
In the case e p = 2, one finds that the adjoint of β p n is the trace map
with respect to β p 2−n , which we denote β 
where d is the prime-to-part of φ(p 2 ). The result is −dµ p . The case of e p = 1 is similar, except that one gets −pU p (p 2 − U * p U p ) where
, if π p is unramified special, p, if π p is principal series with e p = 1.
Note that this also shows that U p is an automorphism of L S . In the case e p = 0, one gets j
Again we may assume r ∈ S and S = S ∪ {p} for some p ∈ S ∪ { }.
First we treat the case e p = 0. There is nothing to prove if p ∈ T (ρ), and if p is in T (ρ) then the assertion is immediate from Lemma 6.1.2.
The remaining cases of Proposition 5.5.1 follow from Lemma 6.1.2 and the lemma below, the first part of which is essentially due to Ihara [27] and the second to Wiles [46] . For the following lemma, we let
We also use β p to denote the map 
Proof. We first explain the proof of the second part. Let
Then using Lemma 6.1.2, we see that we are required to check the exactness of
where the nontrivial maps are given by x → (−x, x) and (x, y) → x + y. Thus it suffices to check that V 1 (N p s−1 ) is generated by V 1 (N p s ) and V , which is a straightforward calculation.
We now turn to the proof of the first part of the lemma. By Lemma 6.1.2, it suffices to show that if (x, y) is in the kernel of
. However we can rewrite this map as 
]). Thus we have an exact sequence
(See [39, II.2.8].) Thus it suffices to show that if x ∈ H 1 (∆, σ) there is a congruence subgroup ∆ ⊂ ∆ with 0 = Res x ∈ H 1 (∆ , M ). We may choose a subgroup ∆ of finite index in ∆ such that Res x = 0, and since ∆ has the congruence subgroup property [35] , ∆ will be a congruence subgroup.
6.4. Proof of Proposition 5.6.1. For the rest of the section, S will denote a fixed set of primes as in §5.6. We let s denote the cardinality of S. Recall that r is a fixed prime such that no lift of ρ can be ramified at r. It is convenient to choose another such prime r and a character ψ : (Z/r Z) × → O × of order greater than 2. For each prime p, we define open subgroups V 1,p ⊂ V 0,p ⊂ GL 2 (Z p ) as follows:
• V 1,p = V 0,p = U {r},p if p ∈ S ∪ {r }, where U {r,r },p was defined in §5.1;
We then set
We identify U S /U 0,S with ∆ S = p∈S ∆ p , where ∆ p denotes the -Sylow subgroup of (Z/pZ) × .
Recall that we defined a representation σ ∅ of U ∅ in §5.1. Now we let σ = σ ∅ ⊗ ψ −2 r where ψ r is the character of U 0 (r 2 ) → (Z/r Z) × gotten by composing with ψ. If χ is a Dirichlet character and π is an automorphic representation, we write simply
The analogue of Lemma 5.1.1 for V 1 and V 0 is the following:
Lemma 6.4.1. Suppose that ρ π·ψ ∼ = Q ⊗ O ρ for some deformation ρ of ρ to the ring of integers O of a finite extension K of K.
(1) The space Hom V0 (σ, π ∞ ) is non-zero if and only if π · ψ ∈ N ∅ . In that case the dimension is 3 · 2 s . (2) The space Hom V1 (σ, π ∞ ) is non-zero if and only if the following hold: • π · ψχ is in N S for some character χ unramified outside S; • c(π p ) ≤ 1 for all p ∈ S.
In that case the character χ is unique, and the space has dimension 3 · 2
where d is the number of primes dividing the conductor of χ.
Proof. For part 1, we note that if p ∈ S, c(π p ) ≤ 1 and π p has unramified central character, then ρ π·ψ −1 is unramified at p (using the above description of the universal deformation, or the analysis of local lifts in [15] ). So if Hom V0 (σ, π ∞ ) is not zero, then c(π p ) = 0 for each p ∈ S and it follows that Hom U {r,r } (σ {r,r } , (π · ψ) ∞ ) is not zero. Therefore π · ψ ∈ N {r,r } = N ∅ . To compute the dimension if π · ψ ∈ N ∅ , one uses the lemmas in §4 to check that
For part 2, we note that if p ∈ S, then the central character χ πp of π p has -power order. We may therefore choose a finite order character χ of A × so that χ
The uniqueness of χ is clear and the dimension calculation is similar to the one above.
and m is the kernel of the map
Proof. The first assertion follows from Lemma 6.4.1 and the argument of 5.3.1.
Simliarly one finds
where N S is the set of automorphic representations as in part 2 of Lemma 6.4.1. Note that if π ∈ N S , then for each p in S, ρ π | Ip is equivalent to a representation of the form ξ p ⊕ ξ There is also a natural action ∆ S on L 1 compatible with that of T S∪{r,r } ; in fact, the action ∆ p factors through the homomorphism
sending q −1 to the image of S q for each prime q ∈ S such that q ≡ 1 mod N (ρ)r 2 . The key lemma for the proof of Proposition 5.6.1 is the following:
as a module for ∆ S ∼ = Γ 0 /Γ 1 . Since Γ 1 and Γ 2 are fundamental groups of connected non-compact Riemann surfaces, they are free groups, so 
The first assertion of Proposition 5.6.1 now follows from Theorem 3 of [13] , and the second follows from surjectivity and comparison of ranks. is absolutely irreducible, and that at least one of the following holds:
• the centralizer of ρ(G ) consists only of scalars, ρ is potentially BarsottiTate and the type of W D(ρ) is strongly acceptable for ρ| G , • there are characters χ 1 and χ 2 of G such that χ 1 | I and χ 2 | I have finite order, χ 1 = χ 2 and
Then ρ is modular.
Using the theorem, we will obtain the following strengthening of [12, Thm 5.4]: Theorem 7.1.2. Let E /Q be an elliptic curve whose conductor is not divisible by 27. Then E is modular.
Let us first recall some basic facts about an elliptic curve E over a finite extension F of Q . If j(E) ∈ O F , then E acquires multiplicative reduction over a quadratic extension of F . If j(E) ∈ O F , then E acquires good reduction over a finite Galois extension F /F with ramification degree dividing 6 if ≥ 5, dividing 12 if = 3, and dividing 24 if = 2. In the case of potentially good reduction, the j-invariant of the reduction of the Néron model of E over O F is the reduction of j(E). In particular, the notions of potentially good ordinary and potentially supersingular reduction are well-defined and can be detected from j(E) ∈ F .
Let ρ E, denote the representation of G F on the Tate module of E, and assume that E acquires good reduction over the finite extension F /F . Then ρ E, ⊗ Z Q is potentially Barsotti-Tate; in fact, this representation becomes Barsotti-Tate over F and the representations W D(ρ E, ) and ρ E, | W F for = are defined over Q (viewed as a subfield of Q , Q ) and are semisimple and isomorphic over this common subfield of definition (for a proof, see Proposition B.4.2).
We need the following lemma: Lemma 7.1.3. Let be a prime and E an elliptic curve over Q . Let ρ = ρ E, ⊗ Z Q .
(1) If E has potentially multiplicative reduction, then
for some quadratic character χ. (2) If E has potentially good ordinary reduction, then
for some character χ such that χ| I is trivial if ≥ 3, and quadratic if = 2. (3) If E has potentially supersingular reduction, then ρ is irreducible.
Proof. First, we consider the case in which E is potentially ordinary. Let F be a Galois extension of Q over which E acquires good ordinary reduction. The -power torsion geometric points of the closed fiber of the Néron model of E /F give rise to an unramified quotient of ρ| F , so ρ| I F is of the form * 0 1 .
Let v generate the line on which I F acts via . Since I F is normal in G , we see that I F acts via on ρ(g)v for any g ∈ G , so ρ is reducible. Moreover the representation has the form χ 1 * 0 χ 2 with χ 1 | I F = χ 2 | I F trivial. Since χ 1 | I and χ 2 | I have order dividing the number of roots of unity in Z × , they are of the required form. The case of potentially multiplicative reduction is similar; split multiplicative reduction is attained over a quadratic extension and the Tate model yields an trivial quotient in the split case.
There remains the case in which E is potentially supersingular. We will prove that if E has potentially good reduction and ρ is reducible, then E is potentially ordinary. Let F be a finite extension of Q such that E /F has good reduction. Since ρ is reducible, we must have
The representation ρ E, arises from the Proof. Recall that the modularity of ρ = ρ E,3 follows from results of Langlands and Tunnell. If E has a quadratic twist with semistable reduction over Q 3 , then E is modular by Theorem 5.4 of [12] , so suppose this is not the case. Since we assume the conductor of E is not divisible by 27 (so the 'wild' part of the conductor at 3 is trivial), Lemma 7.1.3 shows that E acquires good supersingular reduction over any extension L of We now claim that the centralizer of ρ| G3 consists only of scalars and that W D(ρ)| I3 is strongly acceptable for ρ. Let F be a ramified quadratic extension of Q 3 and consider the twist E of E /F by any ramified quadratic character ψ of G F . Considering ρ E , for any = 3, we see that E has good reduction, which is supersingular since j E = j E . Therefore ρ| G F ⊗ ψ arises from a local-local finite flat group scheme over O F and so satisfies the hypotheses in §2.3. The claim concerning the centralizer follows, and τ is acceptable by Theorem 2.3.2. To conclude strong acceptability, we need to know that if ρ| G3 E [3] (Q 3 ) is reducible, then the splitting field is peu ramifié. One can compute this splitting field to be Q 3 ( √ −3, ∆ 1/3 ), which is peu ramifié because 3|v 3 (∆), or one can see the peu ramifié property by using [6, Thm 4.2.2].
We shall use Wiles' argument switching to = 5, where we have:
Proof. Theorem 5.3 of [12] applies if E has a twist with semistable reduction or, in view of Lemma 7.1.3, potentially ordinary reduction at 5. We will show that Theorem 7.1.1 applies even if E has potentially supersingular reduction (but has no twist with good reduction). Making a quadratic twist if necessary, we can assume E acquires good reduction over a field F with e(F ) = 3. Note then (by § B.2 and Proposition B.4.2) that τ = W D(ρ) must be of the formω Applying the results of §2.2, we conclude that the centralizer of ρ consists only of scalars and τ is acceptable for ρ. Moreover, the list of possibilities in §2.2 shows that ρ| I5 is isomorphic (over the algebraic closure of F 5 in the first case below) to one of the following:
• ω
for some m ≡ 1 mod 8;
• ω 1−m * 0 ω m for some m ∈ {2, 3}, with * peu ramifié if m = 2.
Appealing to Theorem 5.3 of [5] , we can rule out the possibility that (over the algebraic closure of
, and conclude that τ is strongly acceptable for ρ.
To remove the irreducibility hypothesis in Theorem 7.2.1, we need the following lemma. We are grateful to Elkies for providing part of the proof (for details of Elkies' calculation, see the appendix of [17] ). Lemma 7.2.3. Suppose that E /Q is an elliptic curve such that neither ρ E,5 | Q(
Proof. We divide the proof into four cases, according to whether the representations ρ E,3 and ρ E,5 are reducible.
Suppose first that both ρ E,3 and ρ E,5 are reducible. Then E gives rise to rational points on X 0 (15), and as noted in [46] , such points are accounted for by elliptic curves with conductor 50 (and j = 5 (29) 3 /2 5 ), known to be modular. Now suppose that one of the representations, say ρ E,p , is irreducible, but its restriction to G F is not absolutely irreducible, where F is the appropriate quadratic extension of Q. In the case of p = 3, we see (taking into account complex conjugation) that the projective image of ρ E,3 in PGL 2 (F 3 ) ∼ = S 4 is isomorphic to Z/2Z × Z/2Z. It follows that the image of ρ E,3 has order 8 and that ρ E,3 | K is in fact reducible for some quadratic extension K of Q. In the case of p = 5, we see (again using complex conjugation) that ρ E,5 | Q( √ 5) is reducible and the image of ρ E,5 has order 16.
Consider the case in which the other of the two representations ρ E,q is reducible. The case of p = 3, q = 5 is discussed in the final remark of [46] , and the details are given in [12, Lemma 5.5] . In that case one finds that E is isomorphic (over Q) to a modular elliptic curve of conductor 338, with j = (11/2) 3 . We need to analyze the situation with the roles of 3 and 5 interchanged. For clarity, we repeat the argument of [12, Lemma 5.5] with two arbitrary distinct odd primes p and q, and then specialize to the cases (p, q) = (3, 5), (5, 3) . Thus, our elliptic curve E /Q satisfies the properties that there is subgroup of order q defined over Q and E[p](Q) contains two lines which are interchanged by the action of G Q . We will now exhibit all such E /Q as Q-rational points on a suitable curve and will thereby check directly that all such E /Q are modular. Define the curve Y /Q to be the quotient of the smooth connected affine curve Y (pq) /Q (in the sense of [28, §3.1]) by the subgroup of elements
for which c ≡ 0 mod p, and a ≡ d ≡ 0 mod q or b ≡ c ≡ 0 mod q. This is the coarse moduli scheme attached to the functor "isomorphism classes of elliptic curves E over S with a cyclic order q subgroup C and an unordered pair of cyclic order p subgroups
is an isomorphism," for variable Q-schemes S.
The complex manifold associated to the base change Y /C is a smooth connected open Riemann surface which is naturally identified with the quotient of the upper half plane in C by the action of the group of elements g ∈ SL 2 (Z) whose image in GL 2 (Z/pqZ) satisfies the above congruences. The elements of Y (Q) correspond to Q-isomorphism classes of triples (E, C, {L 1 , L 2 }) with E /Q an elliptic curve, C a G Q -stable subgroup of E[q](Q) with order q, and
In order to determine the Q-rational points on Y , we first identify it with another curve. Let Y 0 (N ) /Q denote the smooth geometrically connected curve which is the coarse moduli scheme for the functor "isomorphism classes of elliptic curves E over S with a cyclic subgroup C of order N " for variable Q-schemes S. If d|N and
. This is compatible with the involution There is a natural map Y 0 (p 2 q) → Y arising from the map
on 'points'. This is visibly W p 2 -invariant, so we get a natural map of smooth geometrically connected curves Y 0 (p 2 q)/W p 2 → Y . One can check that the map is an isomorphism by noting that the resulting map on complex points is a bijection.
We will study Q-rational points on Y 0 (p 2 q)/W p 2 , and even its 'compactification' X 0 (p 2 q)/W p 2 , with W p 2 acting on the smooth connected proper curve X 0 (p 2 q) /Q in the unique way extending the above action on Y 0 (p 2 q). For p = 3, q = 5, one finds that X 0 (45)/W 9 is an elliptic curve of conductor 15, and has at most four rational points, all accounted for by modular elliptic curves with j = (11/2) 3 . For p = 5, q = 3, the resulting curve X = X 0 (75)/W 25 is a curve of genus 3 whose rational points were determined by Elkies as follows. The quotient E 0 = X/W 3 has genus one and exactly one rational cusp. Elkies found an explicit Weierstrass equation for E 0 and concluded it is isomorphic to the elliptic curve of conductor 15 denoted 15-A3(B) [1, 1, 1, −5, 2] in the tables of Cremona [7] . This curve has rank 0 and a torsion subgroup of order 8. One need only look in the fibers of X → E 0 over the 7 non-cuspidal points in E 0 (Q) in order to find the rational points on Y . By writing the function field Q(X) as Q(E 0 )[T ]/(T 2 − f ) for an explicit f ∈ Q(E 0 ), Elkies computed that the value of f at 6 of the points in E 0 (Q) is a non-square in Q, and also that there is a single point in the geometric fiber on X over the remaining point. From this it follows that there is a unique non-cuspidal point in X(Q); since it is fixed by W 3 , it must arise from an elliptic curve over Q with complex multiplication. One can also check that j = 0 for such a curve.
Finally we rule out the possibility that both ρ E,3 and ρ E,5 are irreducible. First suppose that E has potentially multiplicative or potentially good ordinary reduction at 5. In that case Lemma 7.1.3 shows that ρ E,5 | G5 is reducible, so its semisimplification is isomorphic to ωχ ⊕ χ −1 for some character χ. On the other hand, since ρ E,5 is induced from G Q( √ 5) , the ratio of the above characters on G 5 must be the quadratic character trivial on G Q5( √ 5) . This gives ωχ 2 = ω 2 , contradicting the fact that ω is not a square. We can therefore assume that E has potentially supersingular reduction at 5. If E has a quadratic twist with good supersingular reduction, then the order of ρ E,5 (I 5 ) is divisible by 24, contradicting that ρ E,5 (G Q ) has order 16. Otherwise, the order of ρ E,3 (I 5 ) (which a priori divides 6) is divisible by 3, contradicting that ρ E,3 (G Q ) has order 8.
We now complete the proof of Theorem 7. We recall some general facts from the deformation theory of representations of profinite groups. The basic results are due to Mazur [30] , with improvements by Ramakrishna [32] , Faltings, deSmit and Lenstra [10] .
Let G be a profinite group, and let O be a local Noetherian ring with residue field k. We give k the discrete topology. Suppose that V is a finite-dimensional discrete k-vector space with a continuous action of G. We assume that End k[G] V = k, and we consider deformations of the representation
We let C * O denote the category of local topological O-algebras A such that the natural map A → proj lim 
. 
The necessity of (1), (2) and (3) is easily verified. The sufficiency is proved exactly as in Proposition 6.1 of [10] .
Suppose we are given a local Noetherian O-algebra O as in §A.1. Suppose that S V is a restriction on deformations represented by R O,V /I for some closed ideal I, and that
which is naturally isomorphic to the quotient of R O ,V by the closure of the ideal generated by the image of I. Example A.2.1. This example is based on an observation of Ramakrishna [32] . Suppose that k has positive characteristic and P is a property of finite discrete Gmodules which is preserved under taking submodules, quotients and finite products. Suppose there is a finite subfield k 0 of k such that on a d-dimensional Q -vector space D and will investigate several properties. Also, in case ρ is potentially Barsotti-Tate, we will give a more explicit description of this construction. This explicit description will be used to prove several 'independence of ' properties in the context of elliptic curves and Jacobians of modular curves. Throughout this appendix, the oddness of is never needed. In [20] , the notions of semistable, crystalline, potentially semistable, and potentially crystalline are defined for continuous representations of the Galois group of a characteristic 0 local field with perfect residue field of characteristic (on a finitedimensional Q -vector space). There are a number of rings (B st , B cris , . . . ) that are used there as well. We use these concepts below, and refer to [20] and the references therein for complete proofs of the basic facts we need. Although our primary interest is in the case of potentially Barsotti-Tate representations, the greater generality of potentially semistable representations is convenient for making the initial definition of the W D functor and establishing some properties (e.g., behavior with respect to tensor product constructions, which can destroy the potentially Barsotti-Tate property).
Consider ρ as above. Assume ρ is potentially semistable [20, 5.6 .1, 5.6.8], which is to say that for some finite extension F/E, ρ| G F is semistable (this depends only on the underlying Q [G E ]-module of ρ). For example, since Barsotti-Tate representations are crystalline [21, Thm 6.2], hence semistable, we can take any ρ which is potentially Barsotti-Tate. This includes any finite order representation. By the very definition of semistability, the Q -vector space
is a vector space over the maximal unramified subextension F 0 of F (via action on B st ) of dimension equal to the Q -dimension of M . By functoriality, D st,F (M ) is a module over F 0 ⊗ Q K, and in fact is free of rank d. To see this, it suffices to check that after applying the faithfully flat extension of scalars B st ⊗ F0 we get a free rank d module over B st ⊗ Q K. But this follows from [20, 5.6 .7(iii), 5.6.8(ii)] (and the semistability of ρ over F ).
From the definitions, D st,F (M ) is equipped with a bijective endomorphism φ which is semilinear with respect to the arithmetic Frobenius automorphism of F 0 and linear with respect to K. Also, if F/E is Galois then there is a canonical action of Gal(F/E) which is semilinear with respect to F 0 and linear with respect to K and which commutes with φ. There are additional structures (filtration on F ⊗ F0 D st,F (M ) and a monodromy operator) which we ignore. If F /F is a finite extension, then ρ| G F is semistable and there is a natural isomorphism
of F 0 ⊗ Q K-modules which respects the action of Gal(F /E) if F and F are Galois over E.
Suppose F/E is Galois, so
-module with an automorphism φ which acts semilinearly with respect to the F 0 -action and linearly with respect to the K[Gal(F/E)]-action. We define an F 0 ⊗ Q K-linear action of W E as follows. For any g ∈ W E , we let g act on D st,F (M ) as the product of the commuting operators given by the action of the image of g in Gal(F/E) and φ −n , where the image of g in Gal(F /F ) is the nth power of absolute Frobenius (not the nth power of the Frobenius relative to the residue field of E). Note that the action of I F ⊆ W E is trivial, so W E acts continuously on D st,F (M ). Thus, D st,F (M ) is a free module of rank d over F 0 ⊗ Q K equipped with a continuous linear action of W E that commutes with φ. Define 
Consider continuous representations of G E on finite-dimensional Q -vector spaces (it is automatic that there is a field of definition of finite degree over Q ). There is an obvious notion of potential semistability for these representations, and we have a well-defined functor W D on the category of such potentially semistable representations on Q -vector spaces.
By using [20, 1.5, 5.1.2], the functor W D K on potentially semistable K[G E ]-modules is exact and is naturally of formation compatible with tensor products (and hence exterior products). The tensor product compatibility means that for ρ 1 , ρ 2 two semistable representations of G E on finite-dimensional K-vector spaces, there is a canonical map
-modules which is an isomorphism. Strictly speaking, [20] only considers cases with K = Q , but since the Q [G E ]-module ρ 0 underlying ρ gives rise to a natural isomorphism
we readily get the tensor product compatibility for W D = W D K . In the same manner, we get compatibility with the Hom functor (and W D is even a functor between tensor categories).
We mention two explicit examples. First, W D( ) is a 1-dimensional unramified representation of W E over Q , given by the character that sends arithmetic Frobenius to |k E |, where k E is the residue field of E. For a proof, one is reduced to the case E = K = Q , where (by [20, 5.5.1, 5.6.3] ) it comes down to the assertion that D cris ( ) is 1-dimensional over Q with φ acting as multiplication by 1/ . But B G cris = Q and there exists a non-zero t ∈ B cris on which G acts as the cyclotomic character and φ(t) = t, so D cris ( ) = Q · 1/t has φ acting as desired.
The second example is when ρ has finite order (e.g., a finite order character with values in K × ). In this case, we claim that W D(ρ) ρ| W E ⊗ K Q . This is an immediate consequence of the definitions, as we now explain. Take F/E to be the splitting field of ρ, so ρ| G F is trivial (and hence crystalline). Since B G F cris = F 0 (the maximal unramified subextension of F ), on which the action of φ corresponds to the lifting of absolute Frobenius, we see that
B.3. The Potentially Barsotti-Tate Case. We give an alternate definition of W D in the potentially Barsotti-Tate case. This formulation, to be given in terms of Dieudonné modules, will be the means by which we establish the desired results for representations coming from elliptic curves and modular forms.
Let ρ as above be potentially Barsotti-Tate, fix a finite Galois extension F/E (with residue field k F ) over which ρ becomes Barsotti-Tate, and fix a stable Olattice L for ρ. This gives us an -divisible group Γ /O F and by [44, Thm 4] there is a unique action of O on Γ compatible with the O-action on the generic fiber. The generic fiber descent data for ρ| G F down to ρ gives rise (via contravariance of Spec and Tate's full faithfulness theorem [44, Thm 4] ) to a right action of Gal(F/E) on Γ over the right action on Spec(O F ). This commutes with the O-action on Γ. We get induced actions on the closed fiber Γ /k F .
Let φ E denote the k E -Frobenius endomorphism of the closed fiber, so this commutes with the other actions we just defined. Now suppose that g is in W E , g → σ ∈ Gal(F/Q ) and g → Frob n E in W E /I E . Working in the category ofdivisible groups 'up to isogeny', we can define the action of g on Γ /k F to be σφ . We define a W (k F )-linear action of W E in the usual manner (using powers of φ to 'cancel' the semilinearity of the action of Gal(F/E)). Also, we let O act through its action on D(Γ). We define
This is our desired 'concrete' definition of W D(ρ) in the potentially Barsotti-Tate case (as the following Proposition will justify). Note that the Dieudonné module of the dual -divisible group of Γ has underlying W (k F )-module D (Γ) and Frobenius endomorphism φ .
Due to the compatibility of the Dieudonné module functor with respect to base change (e.g., Frobenius automorphisms of the base field), we can recover the Frobenius morphism of D(Γ) from the semilinear absolute Frobenius morphism of Γ and we can likewise define a semilinear left action of Gal(F/E) on D(Γ) by using the 'generic fiber descent data'. Putting these together gives an alternate formulation of the linear W E -action on D in terms of suitable composites of semilinear actions (of φ and Gal(F/E)).
Proof. Let ρ = Hom Q (ρ, Q ). Via ρ, this is a K[G E ]-module. In [21, 6.6] , there is defined a natural isomorphism
as 'filtered modules'. In particular, this map respects the W (k F ) ⊗ Z O-module structures, as well as the absolute Frobenius maps on each side. Because the functor D st,F commutes with formation of duals, we are reduced to checking that this identification η Γ respects the left W E -actions. Looking back at how the linear W Eactions have been defined in terms of the absolute Frobenius maps and semilinear Galois actions on each side, it remains to show that the semilinear left actions of Gal(F/E) on D(Γ) and D cris (ρ | G F ) are compatible via η Γ .
Choose any g ∈ Gal(F/E). We have an O F -linear isomorphism Γ Γ g to the base change by g, satisfying the usual cocycle condition as we vary g. The induced isomorphism on the closed fiber, when combined with the base change compatibility of the Dieudonné module functor, gives rise to the semilinear action of g on D(Γ). Now using the functoriality of the map η Γ with respect to a variable -divisible group over a fixed base O F , all we have to do is prove that this map is also functorial with respect to base change of a fixed -divisible group Γ.
More precisely, consider an extension of scalars by a local extension O F of O F (e.g., an automorphism σ of O F ) and choose an embedding of algebraic closures F → F over F → F (e.g., an element of G E over σ ∈ Gal(F/E)). This gives rise to a continuous group map G F → G We want these to be compatible with the maps η Γ and η Γ .
In view of the definition of the η maps, this finally reduces to the claim that the isomorphism [21, 6.4 ] is of formation compatible with such a base change O F → O F . But this is a consequence of the definitions (cf. [18, III, 6.2] in the case of -divisible groups, and note that the 'base change' compatibility of this is a consequence of how the Dieudonné module functor is defined).
B.4. Independence of λ. Let A be an abelian variety over a field k. Suppose that (in contrast to previous notation) K ⊂ Q is a number field with ring of integers O and we are given an embedding
(we use here endomorphisms in the 'invert isogenies' category). If λ is a prime of O lying over a prime in Z distinct from the characteristic of k, we let ρ A,λ denote the representation of G k over K λ defined by the Galois action on the λ -adic Tate module V λ (A) of A, which is
if the full integer ring acts on A and more generally is defined as the factor of the -adic Tate module corresponding to the factor ring K λ of the ring K ⊗ Q Q (which acts on the usual -adic Tate module V (A)). The dimension of ρ A,λ over K λ is independent of λ (equivalently, V (A) is free as a K ⊗ Q Q -module), and so this dimension is equal to 2 dim A/[K : Q]. Moreover, for any f ∈ End 0 k (A) which commutes with the action of K, the K λ -linear action of f on V λ (A) has characteristic polynomial in K[T ] which is independent of the choice of prime λ of O. For proofs of these facts, see [42, Prop 11.9] . The proof of [31, §19, Thm 4] for Tate modules (and characteristic polynomials over Q ) carries over verbatim to the case of Dieudonné modules when k is perfect of positive characteristic (with characteristic polynomials computed over the fraction field of W (k)).
Thus, in case k has positive characteristic and is perfect, the same arguments (with some minor modifications, due to the replacement of Q by the fraction field of W (k) with k not necessarily equal to Also, this polynomial is equal to the characteristic polynomial computed above on the -adic Tate modules of A for = . Of course, the same conclusions apply to the 'dual' Dieudonné module, since dualizing a linear map does not affect its characteristic polynomial. Now suppose that k = E is a finite extension of Q and that A has potentially good reduction. Let F be a finite Galois extension of E over which A has good reduction, and let A denote the Néron model of A over O F . We obtain commuting actions (in the 'invert isogenies' category) of K and Gal(F/E) exactly as in the case of -divisible groups (using the Néron mapping property instead of Tate's theorem), with Gal(F/E) acting on the right. Now change this Galois action, by letting g ∈ Gal(F/E) instead act as g −1 under the right action. This gives a left action of K[Gal(F/E)] on A /k F over the natural action of Gal(F/E) on k F , composed with inversion in the Galois group. Again using powers of the absolute Frobenius morphism to 'cancel' out the semilinearity, we obtain a map of Q-algebras 
Proof. The -adic case is exactly our 'concrete' formulation of the definition of W D in the potentially Barsotti-Tate case (as a little checking will show). Now consider = .
There is an obvious isomorphism of the underlying groups of -power torsion geometric points on A and A /k F . Consider more specifically the 'reduction' morphism r : A(Q ) = A(Z ) → A(F ) (an isomorphism on -power torsion). From the generic fiber descent data for A /F down to A /E , we get (via the Néron property) a semilinear right action of g ∈ Gal(F/E) on A /O F , denoted by [g] . We also have the canonical absolute Frobenius morphism φ on A × O F k F .
For any g ∈ W E and any point y ∈ A(F ), [g −1 ]
• φ m • y is another such point, where g induces the mth power of absolute Frobenius on F . What we need to check is that for such g and m,
for all x ∈ A(Q ). The point is that under the identification A(Q ) = Hom Spec(E) (Spec(Q ), A) = Hom Spec(O F ) (Spec(Z ), A) = A(Z ), the translation of the usual action of G E on A(Q ) into an action on A(Z ) requires use of the generic fiber descent data isomorphisms (extended to A via the Néron property). It is easy to check that for y ∈ A(Z ) and g ∈ G E , [g −1 ] • y • g ∈ A(Z ) is the image of y under the action of G E on A(Q ).
For any such y, with g ∈ W E inducing the mth power of absolute Frobenius on F , we need to show that
where we regard r as a function on A(Z ). This clearly reduces us to showing that for any map of O F -schemes y : Spec(Z ) → A with reduction y : Spec(F ) → A /k F over k F , and any O E -automorphism g of Z inducing the mth power of absolute Frobenius on F , φ m • y is equal to the reduction of the semilinear map y • g. But the reduction of y • g is y • Frob m , so by the 'universal commutativity' of absolute Frobenius on F -schemes, we're done.
Consider an extension L/K of characteristic 0 fields with K algebraically closed (e.g., K = Q, L = Q or Q ), G a finitely generated group (such as W E /I F ), and V a semisimple L[G]-module with finite L-dimension. Assume that all g ∈ G act with characteristic polynomial in K[T ]. The above setup is just a 'finite product' of this setting, replacing K and L by K n and L n for some n ≥ 1 and replacing V by V ⊗ K K n where we use n field automorphisms K ∼ = K to define K → K n . We claim that there exists a (necessarily unique up to isomorphism) semisimple K[G]-module V 0 with finite K-dimension such that all g ∈ G have the same characteristic polynomials on V 0 as on V (which implies that V 0 ⊗ K L ∼ = V as L[G]-modules and so finishes the proof). Since G is finitely generated, if we pick a basis of V over L then there exists a finitely generated extension field K /K inside of L and a K [G]-module V with finite K -dimension such that V ⊗ K L ∼ = V as L[G]-modules. In fact, we can even find a finite type K-subalgebra R ⊆ K and an R [G]-module M which is finite and free as an R -module such that M ⊗ R L ∼ = V . Each g ∈ G has characteristic polynomial on M equal to the characteristic polynomial of g on V , which lies in K[T ]. By the Nullstellensatz there exists a K-algebra map R → K, so if we define V 0 = (M ⊗ R K) ss , we're done. Proof. If K 0 ⊆ K denotes the subfield generated by the q-expansion coefficients of f and λ lies over λ 0 in K 0 , then ρ π,λ K λ ⊗ K0 λ 0 ρ π,λ0 , so we may suppose K = K 0 . In this case, the Eichler-Shimura construction provides an abelian variety A f = A /Q with an action of an order in O so that ρ A,λ ∼ = ρ π,λ for all primes λ and dim A = [K : Q]. Choose any = and pick a K-algebra map Q → K ⊗ Q Q. 
